Uniform Circular Motion


Consider a segment of a circle formed by an angle θ.  The angle in radians is defined to be the ratio of the arc subtended divided by the radius of a circle.
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For a complete circle, 
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Consider a particle moving at a constant speed in a circular path.  Although the speed is constant, the velocity is constantly changing. 
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Since the velocity is changing, the particle
 must have an acceleration. 


From Newton’s Second Law, there must 
also be a force acting on the particle. 
Now, consider two points, P and Q.  ∆θ is the angle between the two radii.
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∆θ is also the angle between the two velocity vectors,


We can move the two velocity vectors to a common origin.  The difference between them is the change in velocity, ∆v.
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If we move point Q toward point P, ∆θ becomes smaller. 
 
Eventually, Q and P will coincide and ∆v will be 
perpendicular to v.


Thus, the acceleration of the particle is perpendicular to the velocity vector.
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A particle moving in uniform circular motion is always accelerated toward the center of the circle.  This acceleration is called centripetal (center seeking) acceleration.


Consider the earlier figure.


Since, s = rθ, and, since the arc length is the product of the velocity and the time interval, Δt,
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As ∆θ gets smaller, ∆v is approximately the same as the arc length, so,
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So acceleration becomes
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but, 

so, 
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where ac denotes the centripetal acceleration.  



The net force acting on a body must act in the same direction as the acceleration.  The net force on a body in uniform circular motion keeps the body moving in a circle and is  called a centripetal force.



By Newton’s Second Law,
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Period


The period T, of an object in uniform circular motion, is defined to be the amount of time for a single revolution,
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thus,


which provides an expression for ac dependent on the period and independent of velocity.
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Problem

What is the force the Earth exerts on the moon?
Frequency

The frequency, f, of an object in uniform circular motion is defined as the number of revolutions per second.
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so,
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where, 

Equations of Motion


There is a direct correspondence between linear and rotational variables.



s = rθ





v = rω 




a = rα

where, 
θ is the angular displacement



ω is the angular velocity



α is the angular acceleration

Note:   θ, ω, α must all be measured in radians.
The equations of motion for angular motion become


Translational Motion
     Rotational Motion
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Additional Equations
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Example


A bike tire is initially rotating at 4 rad/sec.  It undergoes a constant acceleration and, at the end of 15 sec, its new angular velocity is 10 rad/sec.

 
a)  What is the angular acceleration of the bike tire?


b)  Through what angle does the tire turn during the 15 sec of angular acceleration?


c)  If the radius of the tire is 0.375 m, how far does the bike travel during this time?  

Problems

A space station is in Earth orbit and a scientist wants to create an artificial gravity at the rim equal to the Earth’s by spinning the station about its axis.  The diameter of the station is 300m.  How many revolutions per second would be required to achieve this?


A pail filled with water is swung at the end of a 1.0 m rope.



a.  What is the velocity necessary to keep the water from falling out of the pail?



b.  What is the angular velocity?



c.  What are the period and frequency of the motion?
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