2-D Motion with Constant Acceleration
Vectors


Representation of a physical quantity having both magnitude and direction, i.e. velocity, acceleration, displacement, gravitational, magnetic and electric fields. 


Graphically, vector is represented by an arrow with length relative to magnitude.  For example, a velocity of 10 m/s in a Northeasterly direction can be represented by a vector 1 cm long pointing midway between the positive x- and y-axes.
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Addition of Vectors


Addition of scalar quantities, like mass, is simple addition. 


 3 kg  +  5 kg  = 8 kg


Vectors addition is different to account for the direction property.  Vectors cannot be simply added.  In the diagram below, two vectors A and B, each 2 units long are added together to form vector C.  By the Pythagorean Theorem, the length of C is 2.83 units.  Clearly, adding A and B numerically doesn’t equal C.
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Addition of vector quantities can be accomplished in two ways, graphical and algebraic.  Graphically, vectors are added by placing them head to tail and simply drawing the resultant vector.  Vectors can be moved around since they only have length and direction, and have no position associated with them.


Algebraic addition of vectors is best accomplished by resolving them into components along the x- and y-axes.  The x-components can then be added as well as the y-components.  The sums represent the resultant vector.


In the diagram below, A and B are the lengths of vectors, A and B.  The components can be found by basic trig.


Ax = Acos1

Bx = Bcos2

Ay = Asin1

By = Bsin2
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Adding the components results in the sum of the two vectors.
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2-D Motion


Consider a particle constrained to move only in the x-y plane.  We will also assume that the acceleration of the particle is constant, but it can be in any direction within the plane.  The equations of motion are as before:
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Here, however, 
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 is a position vector and 
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 are vector quantities.  The beauty of vector quantities is that, like vectors, these equations can be resolved into two separate sets of equations, for the x- and the y- direction, by resolving each vector into its x- and y-components.  Thus, 
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We thus have two sets of equations that can be independently solved.  The only common variable is time, t.  Clearly, we need not constrain ourselves to two dimensions.  The logical extension to 3-D is equally valid.
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For simplicity, we will begin with projectile motion, an object moving near the Earth’s surface where the gravitational acceleration is approximately constant.  Here, the only acceleration acting on the body is the Earth’s gravitational acceleration, g.  If we use a standard coordinate system, g acts in the  ‘–y’ direction and there is no acceleration in the x-direction.  The equations of motion then reduce to the following;
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Unknowns will dictate which set of equations must be solved first.  Once  ‘t’  is known, it can be used to solve the second set since it is the common variable.


As an example, consider an arrow that is shot into the air with a velocity of     20.0 m/s at a 45 angle.  Assume the tip of the arrow is 2.00 m above the ground when it is released.  How far away is the arrow when it hits the ground?  

STEP 1.  Draw a picture and to decide on a location for the coordinate system.  There is no ‘correct’ position, but proper choice makes the problem simpler to solve.  In this case, we will choose the tip of the arrow before firing.
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STEP 2.  List known and unknown variables.  A key point is that 4 of the variables must be known to be able to solve the equations.  The velocity can be resolved into components by simple trig.



vx = vy = vcos(45) = 14.14 m/s



x = ?




y = -2 m



x0 = 0




y0 = 0



vx = 14.14 m/s



vy = ?



t = ?




vy0 = 14.14 m/s








ax = 9.81 m/s2








t = ?


Equations of motion are thus:
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STEP 3.  Solve the equations for the  ‘y’ variables.  We must first select an equation that doesn’t contain both  ‘vy’  and  ‘t’  which are both unknown.  


The easier is the third equation, which doesn’t require the quadratic formula.
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  =  -15.47 m/s  since the arrow is moving downwards.


Using this value, the first equation can be solved.
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t = 3.018 s  which is the time of flight.


Knowing  ‘t’  allows us to solve the x-equation.
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x = (14.14)(3.018) = 42.67 m


After adjusting for significant figures, we can say that the arrow struck the ground 43.7 meters away after 3.02 seconds.

STEP 4.  Apply the reasonableness test.  Does the answer we got make sense?  

Looks OK.

Range Equation


The range equation was developed as a general solution to the 2–D equations of motion.  It requires only information about a projectile’s initial velocity to determine the distance downrange a projectile lands.  This can apply to a soccer ball, a thrown baseball, or a cannonball.


Restriction:  The projectile must land at its starting elevation.  This will not account for 

          the projectile landing at a higher or lower point.
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In this equation:
R is the downrange distance (x-position) in meters.





V0 is the total initial speed of the projectile in meters/second





θ is the initial angle with respect to the horizontal (ground)


Maximum range occurs when   sin(2θ) = 1, or θ = 45° or π/4.


Example:  



a.  How far downfield does a football hit that is kicked with a velocity of 15 m/s 

     at an angle of 15°?  (ans 11.5 m)


Example:  

b. What is the maximum range that can be achieved with this velocity?  

      (ans 22.9 m)
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